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À.È. Ìóíèöûí

Ðàññìîòðåíà çàäà÷à î âûíóæäåííûõ êîëåáàíèÿõ ìàòåðèàëüíîé òî÷êè íà ïëîñêîñòè. 
Òî÷êà çàêðåïëåíà ñ ïîìîùüþ øåñòè íåâåñîìûõ ëèíåéíûõ ïðóæèí. Âîçáóæäåíèå 
êîëåáàíèé ñîçäàåòñÿ ãàðìîíè÷åñêîé ñèëîé, íàïðàâëåíèå êîòîðîé ñîâïàäàåò 
ñ îäíîé èç êîîðäèíàòíûõ îñåé. Âçàèìîäåéñòâèå ìåæäó òî÷êîé è ïëîñêîñòüþ 
ó÷èòûâàåòñÿ ïî ìîäåëè ñóõîãî òðåíèÿ. Ðåøåíèå ïîëó÷åíî ìåòîäîì óñðåäíåíèÿ. 
Îáíàðóæåíî íåñêîëüêî óñòîé÷èâûõ ðåæèìîâ êîëåáàíèé. Âûÿâëåíû íåêîòîðûå 
îñîáåííîñòè ðåøåíèé, õàðàêòåðíûå äëÿ ìîäåëè ñóõîãî òðåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå êîëåáàíèÿ, ñóõîå òðåíèå, îñíîâíîé ðåçîíàíñ, 
ìåòîä îñðåäíåíèÿ, âçàèìîäåéñòâèå ìåæäó ìîäàìè.

NONLINEAR OSCILLATIONS OF THE SYSTEM
WITH TWO DEGREES OF FREEDOM ALLOWING FOR 
DISSIPATION USING THE MODEL OF DRY FRICTION
A. Munitsyn

The article considers the problem of forced oscillations of a material point on the plane. The point is fixed by six 
linear weightless springs. Excitation of oscillations is generated by harmonic force, the direction of which coincides 
with one of the coordinate axes. The interaction between the point and the plane is taken into account by using 
the model of dry friction. The solution has been obtained by asymptotic method. Several stable oscillation modes 
have been found. Some features of solutions specific to the model of dry friction have been detected.

Keywords: non-linearity oscillations, dry friction, principal resonance, asymptotic method, relation between
the modes.
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Ââåäåíèå
Â ðàáîòå ðàññìàòðèâàþòñÿ âûíóæäåííûå 

êîëåáàíèÿ ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáî-
äû è îäèíàêîâûìè çíà÷åíèÿìè ñîáñòâåííûõ 
÷àñòîò. Ëèíåàðèçîâàííûå óðàâíåíèÿ, îïèñûâà-
þùèå êîëåáàíèÿ ñèñòåìû, íåçàâèñèìû ìåæäó 
ñîáîé. Âçàèìîäåéñòâèå ìåæäó êîîðäèíàòàìè 
ïðîèñõîäèò çà ñ÷åò íåëèíåéíûõ ñëàãàåìûõ ñèë 
óïðóãîñòè.

Âûíóæäåííûå êîëåáàíèÿ òàêèõ ñèñòåì â 
îêðåñòíîñòè ãëàâíîãî ðåçîíàíñà äîñòàòî÷íî 
ïîäðîáíî èññëåäîâàíû. Ïðè âîçáóæäåíèè êî-

ëåáàíèé â íàïðàâëåíèè îäíîé èç ãëàâíûõ êî-
îðäèíàò íàëè÷èå íåëèíåéíîãî âçàèìîäåéñòâèÿ 
ìåæäó êîëåáàíèÿìè â ðàçíûõ íàïðàâëåíèÿõ 
ïðèâîäèò ê âîçíèêíîâåíèþ êîëåáàíèé âäîëü 
êîîðäèíàòû, îðòîãîíàëüíîé äåéñòâèþ íàãðóç-
êè. Â îäíîìîäîâîì ïðèáëèæåíèè ê ðåøåíèþ 
ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ñâîäèòñÿ 
çàäà÷à î êîëåáàíèÿõ ñòðóíû ñ íåïîäâèæíûìè 
îïîðàìè [1, 2] è ñ íàòÿæíûì óñòðîéñòâîì [3], 
çàäà÷à î êîëåáàíèÿõ öèëèíäðè÷åñêîé îáîëî÷-
êè [4], ñòåðæíÿ [5] è ðÿä äðóãèõ çàäà÷. Âëèÿíèå 
ìàëîãî ðàçëè÷èÿ ñîáñòâåííûõ ÷àñòîò â òàêèõ 
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ñèñòåìàõ èññëåäîâàëîñü â ðàáîòàõ [5] è [6]. Íå-
ëèíåéíîå âçàèìîäåéñòâèå ìåæäó ðàçëè÷íûìè 
ôîðìàìè êîëåáàíèé ñóùåñòâóåò òàêæå â çàäà÷å 
î äâèæåíèè òâåðäîãî òåëà ñ óïðóãèìè ñâÿçÿìè [7].

Âî âñåõ ïåðå÷èñëåííûõ ðàáîòàõ äèññèïà-
öèÿ ëèáî íå ó÷èòûâàåòñÿ, ëèáî èñïîëüçóåò-
ñÿ ìîäåëü âÿçêîãî òðåíèÿ. Â ïîñëåäíåå âðåìÿ 
áîëüøîå âíèìàíèå óäåëÿåòñÿ çàäà÷àì èññëåäî-
âàíèÿ äèíàìèêè ñèñòåì ñ ñóõèì òðåíèåì [8]. 
Ïðè ñëîæíîì äâèæåíèè òàêîé ñèñòåìû ìîäåëü 
ñóõîãî òðåíèÿ îáíàðóæèâàåò íåêîòîðûå ñâîé-
ñòâà, õàðàêòåðíûå äëÿ ñèñòåìû ñ âÿçêèì òðå-
íèåì. Öåëüþ èññëåäîâàíèÿ äàííîé ðàáîòû ÿâ-
ëÿåòñÿ âûÿâëåíèå òàêèõ ñâîéñòâ íà äîñòàòî÷íî 
ïðîñòîì ïðèìåðå. Ïîëó÷åííûå ðåçóëüòàòû 
ìîãóò áûòü èíòåðåñíû äëÿ ñïåöèàëèñòîâ â îá-
ëàñòè ìàøèíîñòðîåíèÿ è ñòàíêîñòðîåíèÿ.

Ïîñòàíîâêà çàäà÷è
Â êà÷åñòâå ïðèìåðà ñèñòåìû ñ äâóìÿ ñòå-

ïåíÿìè ñâîáîäû ðàññìîòðèì ìåõàíè÷åñêóþ 
ñèñòåìó, ñîñòîÿùóþ èç ìàòåðèàëüíîé òî÷êè 
ìàññîé m, çàêðåïëåííîé ñ ïîìîùüþ øåñòè íå-
âåñîìûõ ëèíåéíûõ ïðóæèí îäèíàêîâîé æåñò-
êîñòè c/3 è äëèíû R (ðèñ. 1). Íà÷àëî äåêàð-
òîâîé ñèñòåìû êîîðäèíàò Ox x1 2 ñîâïàäàåò ñ 
ïîëîæåíèåì ðàâíîâåñèÿ òî÷êè. Ïðóæèíû ðàâ-
íîìåðíî ðàñïðåäåëåíû ïî îêðóæíîñòè ðàäèóñà 
R â ãîðèçîíòàëüíîé ïëîñêîñòè è ñîåäèíÿþò ìà-
òåðèàëüíóþ òî÷êó ñ îñíîâàíèåì, îáðàçóÿ êîëå-
áàòåëüíóþ ñèñòåìó.

Ñèëà äåôîðìàöèè ïðóæèíû, îáðàçóþùåé 
óãîë α ñ îñüþ x1, ðàâíà

⎡ ⎤= α − + α − −⎣ ⎦k

c
P R x R x R2 2

1 2( sin ) ( cos ) .
3

Åå ïðîåêöèè íà îñè x1  è x2  ñîîòâåòñòâåííî 
ðàâíû

Ñóììèðóÿ ïî âñåì ïðóæèíàì äëÿ 
π

α = =k k k,  ( 1..6)
3

 è îñòàâëÿÿ â ðàçëîæåíèè 

â ðÿä Òåéëîðà ñëàãàåìûå íå âûøå òðåòüåãî ïî-
ðÿäêà ìàëîñòè, ïîëó÷àåì ñëåäóþùèå çíà÷åíèÿ 
ñèë óïðóãîñòè:

= − + + =i i i

c
P cx x x x i

R
2 2
1 22

( ) ,  1,2.
8

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà

Ìàòåðèàëüíàÿ òî÷êà ñîïðèêàñàåòñÿ ñ øåðî-
õîâàòîé ãîðèçîíòàëüíîé ïîâåðõíîñòüþ, ñèëà 
äåéñòâóþùåãî íà íåãî ñóõîãî òðåíèÿ ïðîïîð-
öèîíàëüíà âåñó mg è íàïðàâëåíà ïðîòèâ âåêòî-
ðà ñêîðîñòè

= − =
+
i

òði

x
F kmg i

x x2 2
1 2

,  1,2.

Íà ìàññó m äåéñòâóåò ãàðìîíè÷åñêàÿ ñèëà 
ñ ÷àñòîòîé θ è àìïëèòóäîé F. Íàïðàâëåíèå 
ëèíèè äåéñòâèÿ ñèëû ìîæåò áûòü ïðîèçâîëü-
íûì.

Äâèæåíèå ðàññìàòðèâàåìîé ñèñòåìû îïè-
ñûâàåòñÿ óðàâíåíèÿìè (ó÷èòûâàþòñÿ íåëèíåé-
íûå ñëàãàåìûå ïåðâîãî ïîðÿäêà ìàëîñòè):

 (1)

ãäå k – êîýôôèöèåíò ñóõîãî òðåíèÿ.
Ââåäåì áåçðàçìåðíûå ïåðåìåííûå è ñëåäó-

þùèå îáîçíà÷åíèÿ:

τ = = ω ξ =
c x
t t

m A
2
0 ,  ;

θ⎛ ⎞ε = εη = ε = μ =⎜ ⎟ ω ω⎝ ⎠
i

i

FA kg
f

R A cA

2

2
0 0

,  ,  ,  ,

ãäå A – õàðàêòåðíàÿ àìïëèòóäà êîëåáàíèé.
Óðàâíåíèÿ (1) çàïèøóòñÿ â âèäå

 (2)

Òåïåðü òî÷êàìè îáîçíà÷àåòñÿ äèôôåðåí-
öèðîâàíèå ïî áåçðàçìåðíîìó âðåìåíè τ. Ïà-
ðàìåòð íåëèíåéíîñòè ñèñòåìû ïðè <<A R 
ìîæíî ñ÷èòàòü ìàëîé âåëè÷èíîé. Êðîìå òîãî, 
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àìïëèòóäû ñèëû âîçáóæäåíèÿ êîëåáàíèé f f1 2,  
è áåçðàçìåðíûé êîýôôèöèåíò ñóõîãî òðåíèÿ η 
áóäåì ñ÷èòàòü ìàëûìè, ÷òî ïîçâîëÿåò âîñïîëü-
çîâàòüñÿ ìåòîäîì îñðåäíåíèÿ [9, 10].

Êîëåáàíèÿ â îêðåñòíîñòè
ãëàâíîãî ðåçîíàíñà
Ïðåäñòàâèì ñèñòåìó óðàâíåíèé (2) â ñòàí-

äàðòíîé ôîðìå ïðè ïîìîùè ïåðåõîäà ê ìåäëåí-
íûì ïåðåìåííûì

ξ = μτ +β =i i ia icos( ),  1,2,  (3)

ãäå ia  – àìïëèòóäû ïàðöèàëüíûõ êîëåáàíèé;
βi – ôàçîâûå äîáàâêè.

Êîëåáàíèÿ ðàññìàòðèâàþòñÿ â ìàëîé îêðåñò-
íîñòè åäèíè÷íîé ÷àñòîòû μ = + ελ1 .

Ïðèìåíÿÿ ìåòîä îñðåäíåíèÿ, ïîëó÷àåì ñè-
ñòåìó óðàâíåíèé â ìåäëåííûõ ïåðåìåííûõ:

 (4)

ãäå ââåäåíû îáîçíà÷åíèÿ

 (5)

Èíòåãðàëû β β β βi iB a a E a a1 2 1 2 1 2 1 2( , , , ),  ( , , , )  
ìîãóò áûòü ïîëó÷åíû â àíàëèòè÷åñêîì 
âèäå òîëüêî â îòäåëüíûõ ÷àñòíûõ ñëó÷àÿõ. 
Íà ðèñóíêàõ 2 è 3 ïðèâåäåíû çàâèñèìîñòè 
B a a E a a1 1 2 1 1 2( / ),  ( / ), ïîëó÷åííûå ÷èñëåííûì 
èíòåãðèðîâàíèåì äëÿ ðàçëè÷íûõ çíà÷åíèé 
Δβ = β −β2 1. Ïðè óâåëè÷åíèè îòíîøåíèÿ àì-
ïëèòóä a a1 2/ , ò.å. ïðè <<2 1,a a  èíòåãðàë B1 âîç-
ðàñòàåò è ñòðåìèòñÿ ê ïðåäåëüíîìó çíà÷åíèþ 

π2 / , à èíòåãðàë E1 ñòðåìèòñÿ ê íóëåâîìó çíà-
÷åíèþ íåçàâèñèìî îò ðàçíîñòè ôàç ðåøåíèé Δβ. 
Ýòîò ñëó÷àé ñîîòâåòñòâóåò êîëåáàíèþ ñèñòåìû ñ 
îäíîé ñòåïåíüþ ñâîáîäû è ñóõèì òðåíèåì [8].

Ðèñ. 2. Çàâèñèìîñòè B a a1 1 2( / )
äëÿ ðàçëè÷íûõ çíà÷åíèé Δβ

Ïðè ìàëûõ çíà÷åíèÿõ îòíîøåíèÿ àìïëèòóä 
a a1 2/  çàâèñèìîñòü B a a1 1 2( / ) ÿâëÿåòñÿ ëèíåé-
íîé, ÷òî õàðàêòåðíî äëÿ ñèñòåì ñ âÿçêèì èëè 
ïðåîáðàçîâàííûì ñóõèì òðåíèåì. Ëèíåéíûé 
ó÷àñòîê îñîáåííî çàìåòåí äëÿ Δβ = 0, ò.å. ïðè 
äâèæåíèè ìàòåðèàëüíîé òî÷êè ïî ïðÿìîé. Ïðè 
óâåëè÷åíèè ðàçíîñòè ôàç îñðåäíåííàÿ ñèëà 
òðåíèÿ âîçðàñòàåò è äîñòèãàåò ìàêñèìàëüíîãî 
çíà÷åíèÿ ïðè Δβ = π / 2.

Ðàçíîñòü ôàç ðåøåíèé ãîðàçäî ñèëüíåå 
âëèÿåò íà çíà÷åíèå èíòåãðàëà E1 (ñì. ðèñ. 3). 
Ïðè çíà÷åíèÿõ Δβ = ± π ± π ≡10,  / 2,  ,... 0E  íå-
çàâèñèìî îò çíà÷åíèé àìïëèòóä a1 è 2 .a  Â ýòîì 
ñëó÷àå òðàåêòîðèÿ äâèæåíèÿ òî÷êè ÿâëÿåòñÿ 
ïðÿìîé ëèíèåé ëèáî ýëëèïñîì, ãëàâíûå îñè 
êîòîðîãî ñîâïàäàþò ñ îñÿìè êîîðäèíàò. Âî âñåõ 
îñòàëüíûõ ñëó÷àÿõ çíà÷åíèå èíòåãðàëà îòëè÷-
íî îò íóëÿ. Ïðè ó÷åòå äèññèïàöèè ïî ìîäåëè 
âÿçêîãî òðåíèÿ èíòåãðàëû E E1 2,  òîæäåñòâåííî 
ðàâíû íóëþ ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðîâ 
çàäà÷è. Çàâèñèìîñòè B a a E a a2 2 1 2 2 1( / ), ( / )  
ñîâïàäàþò ñ ïðèâåäåííûìè íà ðèñóíêàõ 2, 3 
ïðè çàìåíå Δβ íà −Δβ. Óñòàíîâèâøèåñÿ êîëå-
áàíèÿ ñîîòâåòñòâóþò ñòàöèîíàðíîìó ðåæèìó 

Ðèñ. 3. Çàâèñèìîñòè 1 1 2( / )E a a

äëÿ ðàçëè÷íûõ çíà÷åíèé Δβ
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Îãðàíè÷èìñÿ ðàññìîòðåíèåì óñòàíîâèâ-
øèõñÿ âûíóæäåííûõ êîëåáàíèé â îêðåñòíîñòè 
ãëàâíîãî ðåçîíàíñà. Ñèñòåìà íåëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé (4) ïðèâîäèòñÿ ê ñëå-
äóþùåìó âèäó:

 (6)

×èñëåííîå ðåøåíèå ýòîé ñèñòåìû ìîæåò 
áûòü ïîëó÷åíî ìåòîäîì ïðîäîëæåíèÿ ðåøåíèÿ 
ïî ïàðàìåòðó [11].

Ïóñòü äëÿ ñèñòåìû óðàâíåíèé λ =( , ) 0iU r  
ïðè íåêîòîðîì çíà÷åíèè λk èçâåñòíî ïðèáëè-
æåííîå ðåøåíèå . Òîãäà äëÿ 
çíà÷åíèÿ +λ = λ + Δλ1k k  ïðèáëèæåííîå ðåøåíèå 
ïðåäñòàâëÿåòñÿ â âèäå + = + Δk kr r r1 . Ïîäñòàâ-
ëÿÿ â ñèñòåìó (4) è ëèíåàðèçóÿ ïîëó÷åííûå 
óðàâíåíèÿ, îïðåäåëÿåì ïðèðàùåíèÿ íåèçâåñò-
íûõ èç ñèñòåìû

 (7)

ãäå Rk – âåêòîð íåâÿçêè íà ïðåäûäóùåì øàãå 
ðåøåíèÿ; ýëåìåíòû ìàòðèöû G èìåþò âèä 

=ij i jg dU dr .
Çíàê äåéñòâèòåëüíîé ÷àñòè âñåõ ñîáñòâåí-

íûõ çíà÷åíèé ìàòðèöû G ïîçâîëÿåò ñäåëàòü 
âûâîä îá óñòîé÷èâîñòè ðåøåíèÿ.

Ïðåäëîæåííûé àëãîðèòì óñïåøíî ïðèìå-
íÿëñÿ ê ðåøåíèþ ïîäîáíîé çàäà÷è ñ ó÷åòîì 
âÿçêîãî òðåíèÿ [5]. Ó÷åò äèññèïàöèè ïî ìîäåëè 
ñóõîãî òðåíèÿ ïðèâîäèò ê íåîáõîäèìîñòè ÷èñ-
ëåííîãî âû÷èñëåíèÿ èíòåãðàëîâ (5) íà êàæäîì 
øàãå, à òàêæå èíòåãðàëîâ, ÿâëÿþùèõñÿ ÷àñò-
íûìè ïðîèçâîäíûìè îò i iB E,  ïî ìåäëåííûì 
ïåðåìåííûì . Ðåøåíèå ñèñòåìû 
íåëèíåéíûõ óðàâíåíèé (4) ñâîäèòñÿ ê ðåøåíèþ 
ïîñëåäîâàòåëüíîñòè ñèñòåì ëèíåéíûõ óðàâíå-
íèé (6). Íà êàæäîì øàãå âû÷èñëåíèé êîíòðîëè-
ðóåòñÿ âåëè÷èíà íåâÿçêè. Â òî÷êàõ âåòâëåíèÿ 
ðåøåíèé çà íåçàâèñèìûé ïàðàìåòð ïðèíèìàåò-
ñÿ ïåðåìåííàÿ ñ íàèáîëüøèì ïî ìîäóëþ ïðè-
ðàùåíèåì íà ïðåäûäóùåì øàãå, ÷òî ïîçâîëÿåò 
íàéòè âñå ñóùåñòâóþùèå ðåøåíèÿ è ïîñòðîèòü 
ìíîãîçíà÷íûå çàâèñèìîñòè àìïëèòóä è ôàç îò 
÷àñòîòíîé ðàññòðîéêè.

Ðåøåíèå, ñîîòâåòñòâóþùåå êîëåáàíè-
ÿì ìàññû m âäîëü ëèíèè äåéñòâèÿ íàãðóç-
êè, ìîæåò áûòü ïîëó÷åíî â àíàëèòè÷åñêîì 

âèäå. Ïðè íóëåâûõ çíà÷åíèÿõ a2  èíòåãðàëû 
 è äëÿ ñèñòåìû ñ îäíîé ñòåïå-

íüþ ñâîáîäû ïåðâîå è òðåòüå óðàâíåíèå ñèñòå-
ìû (6) ïðèíèìàþò âèä:

Èõ ðåøåíèåì ÿâëÿåòñÿ

 (8)

Çíà÷åíèå ôàçîâîé äîáàâêè β1 íå çàâèñèò îò 
÷àñòîòíîé ðàññòðîéêè. Ðåøåíèå (8) ñóùåñòâó-
åò ïðè âûïîëíåíèè óñëîâèÿ η≤ π / 4. Çàâè-
ñèìîñòü λa1( ) ïðèëåãàåò ê ñêåëåòíîé êðèâîé 
λ = − a2

13 / 64. Ïðè ïîëîæèòåëüíîì çíà÷åíèè 
β1cos  èìååì äîðåçîíàíñíûå êîëåáàíèÿ ñèñòå-

ìû, ïðè îòðèöàòåëüíîì – çàðåçîíàíñíûå. Èñ-
ñëåäîâàíèå óñòîé÷èâîñòè ðåøåíèÿ (8) ñâîäèòñÿ 
ê íàõîæäåíèþ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû 
ðàçìåðíîñòüþ 2×2

Ïîñêîëüêó β <1sin 0, òî ïðè β <1cos 0, ò.å. 
äëÿ çàðåçîíàíñíûõ êîëåáàíèé, ðåøåíèå óñòîé-
÷èâî âñþäó. Äëÿ äîðåçîíàíñíûõ êîëåáàíèé 

β >1(cos 0) ðåøåíèå óñòîé÷èâî ïðè âûïîëíå-
íèè óñëîâèÿ

⎛ ⎞< −⎜ ⎟π⎝ ⎠
3

1 2

16 16
1 .

3
a

Ðåçîíàíñíûå êîëåáàíèÿ íåîãðàíè÷åííî âîç-
ðàñòàþò, ÷òî òèïè÷íî äëÿ ñèñòåì ñ ñóõèì òðå-
íèåì.

Ìàêñèìàëüíûå àìïëèòóäû ðåçîíàíñíûõ êî-
ëåáàíèé ìîæíî îöåíèòü èç óñëîâèÿ ýíåðãåòè-
÷åñêîãî áàëàíñà.

Ðàáîòà ñèëû âîçáóæäåíèÿ íà ïåðèîäå êîëå-
áàíèé:
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Ðàáîòà ñèë òðåíèÿ íà ïåðèîäå êîëåáàíèé 
ïðè äâèæåíèè âäîëü ëèíèè âîçáóæäåíèÿ:

Ðàáîòà ñèë òðåíèÿ íà ïåðèîäå êîëåáàíèé ïðè 
äâèæåíèè ïî îêðóæíîñòè 

Èç óñëîâèÿ áàëàíñà ýíåðãèè ïîëó÷àåì, ÷òî 
êîëåáàíèÿ â ñèñòåìå ñ ñóõèì òðåíèåì âîçìîæ-

íû ïðè âûïîëíåíèè óñëîâèÿ 
π

η < f14
, à äâèæå-

íèå òåëà ïî îêðóæíîñòè âîçìîæíî ïðè óñëîâèè 

η< f1
1

2
.

Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ
Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ ñèñòå-

ìû óðàâíåíèé (6) ïðèâåäåíû íà ðèñ. 4 è 5 â 
âèäå çàâèñèìîñòåé àìïëèòóä  è ôàç êî-
ëåáàíèé  îò ÷àñòîòíîé ðàññòðîéêè λ. 
Çíà÷åíèÿ àìïëèòóä âîçáóæäåíèÿ êîëåáàíèé 

 ñîîòâåòñòâóþò âîçáóæäåíèþ 
âäîëü îñè x1; àìïëèòóäà ñèëû f2 ïðèíÿòà íà òðè 
ïîðÿäêà ìåíüøå f1, ïîñêîëüêó íà ïðàêòèêå ðåà-
ëèçîâàòü âîçáóæäåíèå êîëåáàíèé ñòðîãî âäîëü 
ïðÿìîé ëèíèè íåâîçìîæíî.

Ïóíêòèðíûìè ëèíèÿìè îáîçíà÷åíû äâå 
ñêåëåòíûå êðèâûå, óðàâíåíèÿ êîòîðûõ ïî-
ëó÷àþòñÿ èç ñèñòåìû (6). Ïåðâàÿ êðèâàÿ 
λ = − =ia i23 / 64, 1,2 ñîîòâåòñòâóåò êîëåáàíèÿì 
òî÷êè âäîëü îäíîé èç îñåé êîîðäèíàò (îäíà èç 
àìïëèòóä òîæäåñòâåííî ðàâíà íóëþ), âòîðàÿ 
λ = − =ia i2 / 16, 1,2 ñîîòâåòñòâóåò äâèæåíèþ 
òî÷êè ïî îêðóæíîñòè ( ). 
Ñóùåñòâîâàíèå âòîðîé ñêåëåòíîé êðèâîé ÿâëÿ-
åòñÿ ñëåäñòâèåì íåëèíåéíîãî âçàèìîäåéñòâèÿ 
ôîðì êîëåáàíèé ñèñòåìû [2].

Æèðíûìè ëèíèÿìè îáîçíà÷åíû óñòîé÷è-
âûå ðåøåíèÿ. Êðèâûìè 1, 2 îáîçíà÷åíû çàâè-
ñèìîñòè λa1( ) è , îïèñûâàþùèå 
êîëåáàíèÿ ìàòåðèàëüíîé òî÷êè âäîëü ëèíèè 
âîçáóæäåíèÿ. Ýòîìó ðåøåíèþ äëÿ <<a a2 1 ñî-
îòâåòñòâóåò æèðíàÿ ëèíèÿ íà ðèñ. 3, ñîâïàäàþ-
ùàÿ ñ îñüþ àáñöèññ.

Ïðèâåäåííûå íà ðèñ. 4, 5 çàâèñèìîñòè λa1( ) 
è β λ1( ) (êðèâûå 1, 2), ïîëó÷åííûå â ðåçóëüòàòå 
÷èñëåííîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé (6), 
ñîâïàäàþò ñ (8). Ðàçëè÷èå çàêëþ÷àåòñÿ â ñóùå-
ñòâîâàíèè òî÷êè À (Ñ), ðàçäåëÿþùåé êðèâóþ 2 
íà óñòîé÷èâûé è íåóñòîé÷èâûé ó÷àñòêè. Äëÿ 
ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû ðåøåíèå, 
ñîîòâåòñòâóþùåå êðèâîé 2 íà ðèñ. 4 è 5, ÿâëÿ-
åòñÿ óñòîé÷èâûì âñþäó. Ó÷åò âîçìóùåíèé â 
íàïðàâëåíèè, îðòîãîíàëüíîì ëèíèè äåéñòâèÿ 
äèíàìè÷åñêîé íàãðóçêè, ïðèâîäèò ê íåóñòîé-
÷èâîñòè ðàññìàòðèâàåìîãî ðåøåíèÿ â îáëàñòè 
áîëüøèõ àìïëèòóä êîëåáàíèé.

Òî÷êà, â êîòîðîé ïðîèñõîäèò ñìåíà óñòîé÷è-
âîñòè, ÿâëÿåòñÿ òàêæå òî÷êîé âåòâëåíèÿ ðåøå-
íèé. Ïðèíèìàÿ åå çà íà÷àëüíóþ òî÷êó, ìåòîäîì 
ïðîäîëæåíèÿ ðåøåíèÿ ïî ïàðàìåòðó íàéäå-
íî åùå äâà ðåøåíèÿ, îáîçíà÷åííûå íà ðèñ. 4 
êðèâûìè 3 (çàâèñèìîñòü λa1( )) è 4 (çàâèñèìîñòü 

λa2 ( )), âûõîäÿùèìè èç òî÷åê A è B. Íà ðèñóíêå 
5 êðèâûìè 3 è 4 îáîçíà÷åíû çàâèñèìîñòè β λ1( ) 

Ðèñ. 4. Çàâèñèìîñòè àìïëèòóä êîëåáàíèé
îò ÷àñòîòíîé ðàññòðîéêè

Ðèñ. 5. Çàâèñèìîñòè ôàç êîëåáàíèé
îò ÷àñòîòíîé ðàññòðîéêè
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è β λ2 ( ). Êðèâàÿ 4 èìååò äâå âåòâè, âûõîäÿùèå 
èç òî÷êè Ñ è ïðîõîäÿùèå ÷åðåç òî÷êè C1 è C2, 
ðàçëè÷àþùèåñÿ ìåæäó ñîáîé íà âåëè÷èíó π. 
Ýòè äâà ðåøåíèÿ ïðåäñòàâëÿþò ñîáîé äâèæå-
íèå ìàòåðèàëüíîé òî÷êè â ïëîñêîñòè Ox x1 2  
ïî ýëëèïñó â äâóõ ïðîòèâîïîëîæíûõ íàïðàâ-
ëåíèÿõ. Ïðè óâåëè÷åíèè àìïëèòóä êîëåáàíèé 

 è êîëåáàíèÿ òî÷êè ïðîèñ-
õîäÿò ïî îêðóæíîñòè. Â ýòîì ïðåäåëüíîì ñëó÷àå 
èíòåãðàëû , âõî-
äÿùèå â ñèñòåìó óðàâíåíèé (6), ïðèíèìàþò âèä: 

= = = =B B E E1 2 1 21 / 2, 0. Íà ýòîì ðåçîíàíñå 
êîëåáàíèÿ òàêæå íåîãðàíè÷åííî âîçðàñòàþò.

Çàêëþ÷åíèå
Óñòàíîâëåíî, ÷òî ïðè âîçáóæäåíèè êîëåáà-

íèé ãàðìîíè÷åñêîé ñèëîé, íàïðàâëåíèå êîòî-
ðîé ñîâïàäàåò ñ îäíîé èç êîîðäèíàòíûõ îñåé, â 
ðàññìàòðèâàåìîé ñèñòåìå ñóùåñòâóåò íåñêîëü-
êî óñòàíîâèâøèõñÿ ðåæèìîâ êîëåáàíèé. Ýòî 
ìîãóò áûòü êîëåáàíèÿ âäîëü ëèíèè äåéñòâèÿ 
íàãðóçêè è êîëåáàíèÿ ìàòåðèàëüíîé òî÷êè â 
ïëîñêîñòè Ox x1 2 ïî ýëëèïñó â äâóõ ïðîòèâîïî-
ëîæíûõ íàïðàâëåíèÿõ, ÷òî ÿâëÿåòñÿ ñëåäñòâè-
åì íåëèíåéíîãî âçàèìîäåéñòâèÿ ìåæäó äâè-
æåíèÿìè òî÷êè â ðàçíûõ íàïðàâëåíèÿõ. Ïðè 
ó÷åòå äèññèïàöèè ïî ìîäåëè ñóõîãî òðåíèÿ 
àìïëèòóäû ðåçîíàíñíûõ êîëåáàíèé íåîãðàíè-
÷åííî âîçðàñòàþò, ïðè ýòîì òî÷êà äâèæåòñÿ ïî 
îêðóæíîñòè.

Â îòëè÷èå îò ñèñòåì ñ âÿçêèì òðåíèåì, â 
êîòîðûõ ïåðåõîä ñ êîëåáàíèé âäîëü ëèíèè 
äåéñòâèÿ íàãðóçêè íà êîëåáàíèÿ â ïëîñêîñòè 
ïðîèñõîäèò ïëàâíî [1, 3, 5], â ñèñòåìå ñ ñóõèì 
òðåíèåì ýòîò ïåðåõîä ïðîèñõîäèò ñêà÷êîì. Ñó-
ùåñòâóåò äîñòàòî÷íî áîëüøîé äèàïàçîí ÷àñòîò, 
â êîòîðîì âîçìîæíû ñðàçó ÷åòûðå ðåæèìà äâè-
æåíèÿ ñèñòåìû: êîëåáàíèÿ òî÷êè âäîëü ëèíèè 
âîçáóæäåíèÿ ñ «áîëüøîé» è «ìàëîé» àìïëèòó-
äàìè è äâà ðåæèìà äâèæåíèÿ òî÷êè ïî ýëëèïñó, 
îòëè÷àþùèåñÿ íàïðàâëåíèåì äâèæåíèÿ.

Ñïèñîê ëèòåðàòóðû
1. Àêóëåíêî Ë.Ä., Íåñòåðîâ Ñ.Â. Âûíóæäåííûå 

íåëèíåéíûå êîëåáàíèÿ ñòðóíû // Èçâåñòèÿ 
ÐÀÍ. Ìåõàíèêà òâåðäîãî òåëà. 1996. № 1. 
Ñ. 17–24.

2. Àêóëåíêî Ë.Ä., Íåñòåðîâ Ñ.Â. Íåëèíåéíûå 
êîëåáàíèÿ ñòðóíû // Èçâåñòèÿ ÐÀÍ. Ìåõà-
íèêà òâåðäîãî òåëà. 1993. № 4. Ñ. 87–92.

3. Ìóíèöûí À.È. Íåëèíåéíûå êîëåáàíèÿ íèòè 
ñ íàòÿæíûì óñòðîéñòâîì // Èçâåñòèÿ ÐÀÍ. 
Ìåõàíèêà òâåðäîãî òåëà. 2001. № 2. Ñ. 24–30.

4. Êóáåíêî Â.Ä., Êîâàëü÷óê Ï.Ñ., Êðàñíîïîëü-
ñêàÿ Ò.Ñ. Íåëèíåéíîå âçàèìîäåéñòâèå ôîðì 
èçãèáíûõ êîëåáàíèé öèëèíäðè÷åñêèõ îáî-
ëî÷åê Êèåâ: Íàóêîâà Äóìêà, 1984. – 220 ñ.

5. Ìóíèöûí À.È. Íåëèíåéíûå êîëåáàíèÿ 
ñòåðæíÿ ñ áëèçêèìè çíà÷åíèÿìè îñåâûõ 
ìîìåíòîâ èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ
// Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà. 2009. 
Ò. 73. Âûï. 3. C. 427–438.

6. Ëàäûãèíà Å.Â., Ìàíåâè÷ À.È. Ñâîáîäíûå 
êîëåáàíèÿ íåëèíåéíîé êóáè÷åñêîé ñèñòå-
ìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ïðè áëèçêèõ 
ñîáñòâåííûõ ÷àñòîòàõ // ÏÌÌ. 1993. Ò. 57. 
Âûï. 2. Ñ. 40–49.

7. Ãàíèåâ Ð.Ô., Êîíîíåíêî Â.Î. Êîëåáàíèÿ 
òâåðäûõ òåë. Ì.: Íàóêà, 1976. – 432 ñ.

8. Àíäðîíîâ Â.Â., Æóðàâëåâ Â.Ô. Ñóõîå òðåíèå 
â çàäà÷àõ ìåõàíèêè. – Ì.-Èæåâñê: ÍÈÖ 
«Ðåãóëÿðíàÿ è õàîòè÷åñêàÿ ìåõàíèêà», Èí-
ñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2010. 
– 184 ñ.

9. Áîãîëþáîâ Í.Í., Ìèòðîïîëüñêèé Þ.À. 
Àñèìïòîòè÷åñêèå ìåòîäû â òåîðèè íåëèíåé-
íûõ êîëåáàíèé. Ì.: Íàóêà, 1974. – 503 ñ.

10. Íàéôý À.Õ. Ââåäåíèå â ìåòîäû âîçìóùå-
íèé. Ì.: Ìèð, 1984. – 535 ñ.

11. Ãóëÿåâ Â.È., Áàæåíîâ Â.À., Ïîïîâ Ñ.Ë.
Ïðèêëàäíûå çàäà÷è òåîðèè íåëèíåéíûõ êî-
ëåáàíèé ìåõàíè÷åñêèõ ñèñòåì. Ì.: Âûñø. 
øê., 1989. – 383 ñ.

Ìàòåðèàë ïîñòóïèë â ðåäàêöèþ 31.03.15

ÌÓÍÈÖÛÍ
Àëåêñàíäð Èâàíîâè÷

E-mail: munitsyn@rambler.ru
Òåë.: 8-985-396-01-42

Äîêòîð òåõíè÷åñêèõ íàóê, äîöåíò, ïðîôåññîð êàôåäðû äèíàìèêè è ïðî÷íîñòè 
ìàøèí ÍÈÓ «Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò». Ñôåðà íàó÷íûõ èíòåðå-
ñîâ: äèíàìèêà è ïðî÷íîñòü ìàøèí, íåëèíåéíûå êîëåáàíèÿ. Àâòîð äâóõ ìîíî-
ãðàôèé, 35 ñòàòåé.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


